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The presentation

Summary of the results

The embeddings of the so(3) Lie algebra and the Lie group SO(3, R)
in higher dimensions is an important construction from both math-
ematical and physical viewpoint. Here we will present a program
package for building the generating matrices of the irreducible em-
beddings of the s0(3) Lie algebra within so(n) for arbitrary dimension
n > 3 relying on the algorithm developed recently by Campoamor-
Strursberg [2015]. We will show also that the Cayley map applied
to C € so(n) is well defined and generates a subset of SO(n). Fur-
thermore, we obtain explicit formulas for the images of the Cayley
map in all cases.

VELIKO D. DONCHEV, CLEMENTINA D. MLADENOVA and Cayley map and Higher Dimensional Representations of Rotati



Introduction and Prerequisites Vector-parameter forms of SO(3,R) and SU(2)
Vector-parameter forms of SO(2,1) and SU(1,1)
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m This research is made within a bigger project which is about
parameterizing Lie groups with small dimension and its
application in physics.

m Parameterizations are used to describe Lie groups in an easier
and more intuitive way. Let G be a finite dimensional Lie
group with Lie algebra g. A vector parameterization of G is a
map g — G, which is diffeomorphic onto its image. Besides
the exponential map, there are other alternatives to achieve
parameterization. We make use of the Cayley map

Cay(X) = (Z+X)(Z — X)~ %, (1)
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In Donchev et al, 2015 the Cayley maps for the Lie algebras su(2)
and s0(3) and the corresponding Lie groups SU(2) and SO(3, R)
are examined.

The vector-parameter of Gibbs (or Fedorov) is a convenient way to

represent proper SO(3, R) rotations. A rotation of angle 6 about an
. 0

axis n is represented by the vector ¢ = tan S Any proper SO(3,R)

rotation is expressed in the terms of c in the following manner

1+¢2 ao—-a ac+o
ac+a 1+ qa-—al-T (2)
ac—c oa+a 1+c2

Rie) = 14 ¢2
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However, one has to be careful when half-turns occur because they
are not represented by regular Gibbs vectors. We will denote a half-
turn about an axis n by O(n). The SO(3, R) matrix that corresponds
to O(n) is given by

n% niny nNin3
R=2| nn n% nony | —T. (3)
nn3 non3 n%

If ¢ and a represent the rotations R(c), R(a), the composition law
in vector-parameter form is given by

R(E)=R@R(). &€=¢(aeg)=""2%E.

(4)
Equation (4) is beautiful, simple and computationally cheap. It takes
at most 12 multiplications. In comparison the usual multiplication
of two quaternions take 16.
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More benefits of the Cayley map

By the means of the Cayley maps of the Lie algebras su(2) and
50(3), a vector parameter form [Donchev et all, 2015] of Wigner's
group homomorphism W : SU(2) — SO(3,R) is derived. After
pulling back the group multiplication in SU(2) by the Cayley map
Caygy) © 5u(2) — SU(2), explicit formulae for W and for two
sections of W are derived. The derived vector-parameterization of
SU(2) has the advantage to represent all rotations, including the
half-turns. Also the derived composition law is always defined.

An arbitrary su(2) element is represented in the following way

A=ais1 +as +azs3 = —%a -s € s5u(2) (5)
s = —%0,-,/ =1,2,3 and o;,i = 1,2,3 can be viewed as Paulis
matrices.
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Theorem from Donchev, Mladenova & Mladenov, 2015

Let Uy (c), Ua(a) € SU(2) are the images of 43 =c-sand Ay = a-s
under the Cayley map where a,c € R3. Let

Us((a, c)sy(2)) = Ua(a).Ui(c) (6)

denote the composition of Us(a) and Ui(c) in SU(2). The cor-
responding vector-parameter & € R3, for which Cayg,)(A3) =
U3, .A3 =a-sis

1 < a+ (1 a” c+4a><c
p 4 4 2 2
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Product of " Compound
rotations Result Condition rotation
C+ct+c Xy
Cc3 = . C>.C 1 R(c
R(c2)R(c1) 3 1-c.c1 2C1 # (cs)
N3] =[co+ci+crxe], =1 O(n3)
n; +Cy X Ny
= - . O R
R()O(m) | 2 c2.ny # (cs)
[ns]=[m+coxm],  cn =0 O(n3)
n, +Fny X ¢
c3=———"— = n,.c 0 R(c
O(n2)R(cy) 3 ny.Cy 2.C1 # (cs)
[ns] =[np+nyxe], e =0 O(n3)
=2 xm na.n; #0 R(c3)
O(n2)O(ny) 3 n,.n; 2T
[n3] = [n2 x ny], na.n; =0 O(n3)
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If H(c1), H(c1) are two SO(2,1) elements represented by the vector
parameters and c¢j,c2 and c3.(nc1) # 1,c.(ncp) # 1 and 1 +
C2.(77C1) # 0. Then

C+cit+eC A
1+ C2.(77C1)

H(es) = H(e2)H(c1), €3 = (c2,¢1)s002,1) = (8)
where ca A €1 := n(cz X €1). Equation (8) is the vector-parameter
form of SO(2,1) obtained by the parameterization given by the Cay-
ley map. The same result was obtained independently by usage of
pseudo-quaternions.

Pseudo half-turns are also not covered by this parameterization.
Also, the case c3.(nc1) = —1 is not covered, which corresponds to
the result being a pseudo half-turn. In Donchev et all [2015] the
Cayley map in the covering group SU(1,1) is used to extend this
composition law.
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Theorem from Donchev, Mladenova & Mladenov, 2015

Let M, A € su(1,1)
M=m.E, m=(my,my ms), A=aE, a=(aj,ap, a3)
be such that Ay, # 0, A, # 0 and

(a.(na))(m.(nm)) + 8a.(nm) + 16 # 0. 9)

I:et L(m) = Cayg11)(M),W(@) = Cayg11)(A). Then, if
L = W.L is the composition of the images in SU(1,1) then
L = Caygy,1)(A) where A =m.E and

(1+ 5 (5)a+1+3(n3)m+aim

1+ 2% : (77?) + (5 : (775))(5 : (’75))

m=
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P:E%E?;%Of Cr%rg;g?ounr;d Conditions Results
R(e)Ri(e) | ) ena ST
ncy +nec; — (nc2) A (ncy
Op(m) e =—1| m= -2 = C2.nc2(\/1 )_ c1(.nc1)
On(m2)Rp(c1) Ri(c) my.c; # 0 c=n2 _::;é (ne1)
my; —my A (7)€
Op(m) my.c; =0 m=— \/ﬁ )
Ri(c)Op(my) | S a0 oy
m; — (nc2) A my
Op(m) co.m; =0 m=— \/ﬁ
On(m2)Op(my) R(c) m; #m; c= —ﬁ
z m; = my c=0
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The obtained parameterizations of SO(3,R),SU(2),S0(2,1) and
SU(1,1) via the Cayley map led also to the following additional
results:

m One needs at most 12 multiplications and 18 additions to per-
form the extended composition law. In comparison, the stan-
dard quaternion multiplications takes 16 multiplications.

m Explicit form of Cartan's theorem is obtained for SO(3, R) using
the extended vector-parameter form.

m Explicit form of Cartan's theorem is formulated and proved for
the hyperbolic SO(2,1) elements. An arbitrary such element is
decomposed into product of two pseudo half-turns.

m The problem for taking a square root in SO(2,1) is fully and
explicitly solved.
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Examples

The embedding s0(3) < so(n) and examples

Recall the standard R-basis J3 = {J3/1, J3)2, J3)3} of s0(3)

0 0 O 0 01 0 -1
J3‘1 = 0 0-1 ,J3|2 = 0 0O 7J3|3 = 1 0
01 0 -1 00 0 0

o O O

Recall that an embedding j : g < g of Lie algebras is called irre-
ducible [Dynkin, 1952] if the lowest dimensional irreducible repre-
sentation I of § remains irreducible when restricted to g.

Campoamor-Stursberg, 2015 derived explicit formulas for real irre-
ducible representations of the algebra s0(3) into so(n) for n > 3.
To do this, he uses the explicit embedding sl (2,C) < sl[(n,C).

VELIKO D. DONCHEV, CLEMENTINA D. MLADENOVA and Cayley map and Higher Dimensional Representations of Rotati



Explicit formulas
Examples

The embedding s0(3) < so(n) and examples

Let us denote the constructed in [Campoamor, 2015] embedding by
Jn : 50(3) < so(n) (11)

Its nature is different in terms of the different parity of n. Three
different cases can be considered:

mn=2m+1formeN

mn=4r+2forreN
1

] n:4r+2forr€§N.

Let us denote by Jj,, 7 = 1,2,3,J, = {Jn1,Jpj2, Jnj3} the images
of J3ji,i = 1,2,3 under the embedding j,. Let us denote the coeffi-

cients
(2 1-—1
al" = (mz), 0</<m (12)
Here we present refined formulas for computing J, 1, J,2, J, 3 for
all n > 3. J
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The embedding s0(3) < so(n) and examples

For n=2m+ 1, m € N we have

m m 1+ (-1 , n— n
(s = Gaafyy + 0t (F50) 007 o) a0

(13)
m m? +m ! m I+1_m 1 + (_l)k_l
X (am + 5 > - (5“33[%] +6, a[%]) (2)

n— n m m2 + m m m
(Jni2)ks = (0072 — 61_207) (3,71 + 5 ) - (5Il<+2a[%] +0,%a @])

2

Uua)s = (L+ (D)9 (n+1 - k) = (L+ (=D 15" (n — k)
n|3)k,l 4

where 1 < k,/ < n and [x] denotes the integer part of x.
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Examples

The embedding s0(3) < so(n) and examples

Forn:4r—|—2,r:%,1,%,2,...and1§k,/§n

_1)k—1
(Jn|1)k,l = (5L+3af%] + 5ll(+1a[%]) (1_‘_(21)>

1\k
() Ghiasfy + ok

(Jnj2)it 5k+23[k+1]+5l+23f%] (14)
(L4 (D91 ) — (L () k)

(Jnp)ks = 2

Besides the correction of the technical errors we changed the signs
of J1 and J,5 (this is an automorphism of 50(3)) in order to
ensure consistency with the case n = 3.
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Explicit formulas

Examples

0 —C3 —0
1
C.J4 = = cs 0 “
C —C 0
Cc1 C —C3
0 —2C3 C2
2C3 0 —C1
C.J5 = —QC C1 0
—C1 —C2 c3
0 0 \/§C2
0 *\/§C3
\@Cg, 0
1 Co —C1
clg=—
6 V2| a o))
0 0
0 0

o (15)
0
C1 0
Co 0
—C3 — 3C2 (16)
0 \@Cl
—\/§C1 0
—C —C 0 0
C1 —C2 0 0
0 0 —C (o]
0 0 ca —C (17)
c —C 0 \ﬁcfi
a o —V2c 0
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The case of odd dimensions
The case of even dimensions n = 4r + 2 for r € N

The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

We will consider the Cayley defined on Im j,, i.e.,
Cay(C)=(Z+C)T-C)! (18)
for arbitrary Im j, 5 C = c.Jp = c1.dpp + c2.dp2 + c3.dp3, where

C:(Cl,C2,C3), CZZC%+C%+C%:|C|2:C2 (19)

We will derive explicit formulas for (18) in the different cases for
the parity of n > 3. J
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The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

Let n = 2m+1, m > 1. The characteristic polynomial of an arbitrary
matrix C = c.J, is [Fedorov, Campoamor]

—Pomi1(A) = AN +123) ... (V2 + m?P) = Aﬁ()\z +t23)

t=1
= N2 o 1 NPT g P (20)
— )\2m+1 + Z a2m+l_2tczt)\2m+1—2t

t=1

where aj, a3, ... azn—1 are the coefficients of the polynomial pap1. One
can derive formulas for them using Vieta's formulas for the polynomial

g() = 1"+ m-1p" F Qomoap™ Pt azpt o (21)

/\2
after a substitution of — for . This is the
c

2

—pomi1(A
obtained by pi\({_i;’()

polynomial of degree m with simple roots —12, —2
(B+1%) .. (p+ m?).

s —m? e, g(pn) =
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The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

We have that

2 2
02m4+1-2t = E 11ty t=1,2,....m. (22)
1<i<..<ig<m

For example, the closed forms of a1, asm_3,aom—1 for m > 2 are
a1 = (m!)2,

m(m+1)(2m+1) m(m? — 1)(4m? — 1)(5m + 6)
aom—1 = 6 , Qom_3 = 180 .

More explicit expressions and relations for the coefficients comi1-2¢, t =

1,...,m can be sought via the usage of Bernouli coefficients and
mo 1

the generalized harmonic coefficients Hpo = > —. For example,
s=1 M

a3 = (m!)2Hm72.
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The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

Theorem 1

For an arbitrary n =2m+ 1, m > 1 the Cayley map (18) is
well-defined on Im j, and the following explicit formula holds true

m—s—1
me1 1+ > gm0
Cav(C) =T + 2 k=1 C2s+1 C2s+2 .
2(C) - §1+a2m_1c2+...+a1c2m( + )

(23)
for all C = c.J, € Im j,. Also, the map Cay takes values in SO(n).
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The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

Example: n =5

In the special case n =5 the characteristic polynomial of the matix
C5 = C.J5 form (16) is

ps(A) = =A% —42\3 — 5
and the explicit formula for the Cayley map reads as

52 +1

_ 2 3 4
Cay50(5)[50(3)(6) _I+2—4C4 +5C2 T 1(C+C )+2—4C‘4 —|—5C2 n 1(C +C )

(24)
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The case of even dimensions n = 4r + 2 for r € N
The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

Proof of Theorem 3, |

We need to prove that Z — C is invertable and to find an explicit
formula for it. We will seek a formula for (Z — C)~1! via the ansatz

(Z-C)t =xT +x1C+ ... xomC>™. (25)

We seek such numbers xg, . . . xom that Z = (Z—C)(Z—C)~1. Taking
into account (20) we calculate

I = (I — C)(X()I—‘r ch + . + xsz2'")
:XOI —+ (X]_ — Xo)c + (X2 — X1)C2 4+ ...+ (X2m — x2m_1)C2"’ — X2mC2m+1

=xoT + (X1 — Xp + X2malc2'")C + (X2 — X1)C2 + ... (26)
+ (am—1 — Xom—2 + Xom02m-1¢2)C*™ 1 + (3om — Xom—1)C>"
m—1 m—1
=xL + Z(X2s+1 — X25 + XomQ2s41 sz_25)c2s+1 + Z(X2s+2 - X25+1)Czs+2_
s=0 s=0
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The case of even dimensions n = 4r + 2 for r € N
The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

Proof of Theorem 3, Il

From (26) we directly obtain a linear system of equations for the
unknown xg, ..., Xam consisting of 2m + 1 equations which can be
split into the following two parts:

X0 =1
X2 = X1
X4 — x3 X1 — X0 = —X2m()é1C2m
and X3 — X = —xpmazC@M2
Xom =  Xom-1 . 2
X2m—1 — Xom-2 = —X2m02m-1C.

(27)
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The case of odd dimensions
The case of even dimensions n = 4r + 2 for r € N
The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

Proof of Theorem 3, IlI

Step by step we obtain xg =1

Xo = X1 = 1-— X2ma1C2m
X4 = X3 = 1 — xom(@1 ™ + az®™2)
Xom = Xom—1 = 1-— X2m(a1C2m + OQ,sz_2 + ...+ agm,lcz)

(28)
Summing up all of equations in (27), we obtain
Xom = Xom—1 = 1 — sz(ozszlcz + ...+ alc2m)
— 14 om(pamea (1) + 1)

and thus
1 1
p2m+1(1) N 14 012,-,,_1C2 + ...+ a1c2m

Xom = —
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The case of even dimensions n = 4r + 2 for r € N
The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

Proof of Theorem 3, IV

Note that
—pams1(1) = pamr1(-1) = (1 + )1 +4A) ... (1 + m?’3) >0
for all ¢ € R3. Substituting this result in (28) gives

1+ aom 1+ ...+ az3Em2

@ o= - 1+ aomo12+ ...+ agc2m
1 m_1C 4 ... cm—4
= x _ + aom—1C + + o (29)
14+ aom_1+...+ac2m
1
Xom = X2m-1

1+ aom12 4 ...+ ajc2m

We just obtained that for all c € R3 (Z — C)~! exists and
m—s—1

mzjl 1+ kzl a2k+1c2’"_2k
(Z-0)t=T+ =

s=0

(CZS+1 + C25+2 ) .

14+ aom_1C + ...+ ayc2m
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The case of even dimensions n = 4r + 2 for r € N
The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

Proof of Theorem 3, V

Now it is a straightforward, but tedious calculation of to calculate
(Z +C)(ZT —C) ! as a polynomial of C, which leads to the formula
(23). It is curious that formulae for (Z — C)~! and Cay(C) are so
alike. We are left to prove that (Z+C)(Z—C)~ ! is an SO(n) matrix.
Using the fact that Ct = —C and the fact that the matrices Z — C
and Z + C commute. we obtain

(T+O)(Z -0 MY IT+O)(Z-0O)t=((Z-0) D@ +o(T+0)(z-0)F

=IZ+O)NT-O)(Zz+o)(T-C) =@ +0) Iz +o)(ZT-C)T-0)t
=17

Furthermore

y_det(Z+C) det(ZT+C)

det(Z+CONT =€) = 4 (7=0) ~ det(Z 1)

The proof is complete.
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The case of odd dimensions
The case of even dimensions n = 4r + 2 for r € N
The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

The case of even dimension

Let n =4r+2,r € N. The characteristic polynomial of an arbitrary
matrix C = c.J, is

pars2(N) = (N + 12PN+ 222 . (N + P2 = X [[(\? + £23)

t=1
= N2 B4, PN 4 Bt (31)
2r
— )\4r+2 + Z 64r+2_2tc2tA4r+272t
t=1

where 1, 55, B4, ... Ba, are the coefficients of the polynomial ps, 2. One
can derive formulas for them using Vieta's formulas for the polynomial

h(v) = V4 Barp® T L ar + B (32)
A 22
obtained by p“%i() after a substitution of = for u?> = v. The distinct
roots of h are —12,—22, ... —r? and all of them are with a multiplicity of
two.
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The case of odd dimensions
The case of even dimensions n = 4r + 2 for r € N

The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

For an arbitrary n = 4r + 2, r € N the Cayley map (18) is
well-defined on Im j, and the following explicit formula holds true:

2r—2s—1
r 14+ Y Bokgact 2
Cay(C)=Z+2C+2 Z k=1 _ (C25 + C25+1).
s:ll+ﬁ4rC2+--.+,32C4

(33)
for all C = c.J, € Im j,. Also, the map Cay takes values in SO(n).
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The case of odd dimensions
The case of even dimensions n = 4r + 2 for r € N
The Cayley map and higher order representations of rotations The case of even dimensions n = 4r + 2 for half-integer r

Example: n =16

In the special case n = 6 the characteristic polynomial of the matix
Cﬁ = C.J(, form (16) is

pe(N) = A® + 220 + )2
and the explicit formula for the Cayley map reads as

22 +1

T3 oa s alC e

_ 4 5
CaY5o(6)T50(3)(C) =ZI+2C+ m(c +C )

(34)
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2k —1 2k —1
Let nh = —5 k > 1 be a half-integer. Then n = 4T +2=
4r for r € N. In these series we will obtain all representations in
dimensions n that are multiple of 4. The characteristic polynomial
of an arbitrary matrix C = c.J, is

r

2t
par(\) = [ [V + (55— Leey (35)
t=1
2r
_ )\4r + 74r_2(’2>\4r72 +’70C r)\O _ A4r+2 + Z,Mr 2tc2tA4r 2t'
t=1

Expressions for the coefficients 1,v4,—2,v4r—4,...72 of the polynomial
Part2 €an be obtained using Vieta's formulas for the polynomial

u(v) = v+ qarop® T a2 (36)
A A2

obtained by p4cr4(r ) after a substitution of = for u? = v. The distinct
1 3

roots of u are —(5)27 —(5)27 . —(%)2 and all of them are with a multi-

plicity of two.
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Theorem 3

For an arbitrary n = 4r + 2, r € N the Cayley map (18) is
well-defined on Im j, and the following explicit formula holds true:

2r—2s—1
C — _I 2 k=1 2s 2S+1 . 7
Q)= -T2 (e, o)

for all C = c.J,, € Im j,. Also, the map Cay takes values in SO(n).

<
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The special case n =4

The Hamilton—Cayley theorem for C reads as

A

2 2
c* + c2+161 0;»04_—fc2—ﬁz (38)

Despite this fact one directly can check that in this special case

2
(n = 4) we have also the stronger equality C? = ZI' Using this, let

us find an explicit expression for the Cayley map Cay as a polynomial
of degree 1 instead of 3 as expected from Theorem 37. We have

4
that (Z—C)™1 = m(I+C), which leads to

4_C2I+ 8 ¢ (39)

Cay(C) =(Z+C)(ZT-C) ' = I e

44

Obviously, the Cayley map is defined for all ¢ € R3,
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How do we can extract the vector ¢ from a given matrix Ra4(c) =
Cay(C)? We have that

4 — 2 1 3 — trRy4(c)
trR4(c)—34+C2 Sl 54 (40)
and thus if we consider A = R4(c) — RE(c) = iC than we
- M T e
have 3
20(c) = —F+—— 41
©) = 3% rm0? (41)

and c = —2(61’4,61,3,0172).
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Let C = c.J4 and A = a.J, be two arbitrary elements of Im j;. Let
Rc and R, be the images of these matrices under the Cayley map,
ie.,
Re=Cay(C),  Ra=Cay(A).
Let R = RaRc be their composition in SO(4). We want to find an
element C = ¢.J4 such that Cay(C) =R = Re.
Let us note that the direct calculation gives
a.c axc
C=——"1 .
A 4 * 2

This leads to very similar calculations as in the case of SU(2) vector
parameter. They lead to the following composition of SO(3,R)

matrices in SO(4)
2 2
(1—Z)a+ (1—1>c+4;x;
- (43)

c= <a7c>Caygj4 = 1 2a c R 22 2
2 2 4.4

Js. (42)
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Further development

m We need to check if the SO(3, R) half-turns are realized as
SO(n) matrices for n > 4 via the Cayley map applied for the
embedded s0(3) algebra into so(n).

m We will investigate what is the composition law for n > 4

m We will investigate if there are efficient formulas to extract
the matrix C generating the three-dimensional rotation matrix
Rn(c) € SO(n)

m We will investigate if some important operators’
representations in dimension n > 3 are more convenient.
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