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Abstract. An interesting class of axially symmetric surfaces, which gener-
alizes Delaunay’s unduloids and provides solutions of the shape equation is
described in explicit parametric form. This class provide the first analytical
examples of surfaces with periodic curvatures studied by K.Kenmotsu and
leads to some unexpected relationships among Jacobian elliptic functions and
their integrals.

1. Introduction

It is well-known that in aqueous solution, amphiphilic molecules (e.g., phospho-
lipids) form spontaneously bilayers so that the hydrophilic heads of thesemolecules
are located in both outer sides of the bilayer which are in contact with the liquid,
while their hydrophobic tails remain at the interior. In many cases, the bilayer form
a closed membrane, which is called a vesicle. Vesicles constitute well-defined and
sufficiently simple model systems for studying basic physical properties of the
more complex biological cells.

In 1973, Helfrich [3] had proposed the so-calledspontaneous curvature model
according to which the equilibrium shapes of a lipid vesicle are determined by the
extremals of the curvature (shape) energy

Fc =
kc
2
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∗Reprinted from JGSP18 (2010) 1–11.
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